In this note, we obtain a sharp volume estimate for complete gradient Ricci solitons with scalar curvature bounded below by a positive constant. Using Chen-Yokota's argument we obtain a local lower bound estimate of the scalar curvature for the Ricci flow on complete manifolds. Consequently, one has a sharp estimate of the scalar curvature for expanding Ricci solitons; we also provide a direct (elliptic) proof of this sharp estimate. Moreover, if the scalar curvature attains its minimum value at some point, then the manifold is Einstein.
Introduction
The Ricci flow ∂ ∂t g(x, t) = −2Ric(x, t), was introduced by Hamilton in [6] . We say that a quadruple (M n , g, f, ε), where (M n , g) is a Riemannian manifold, f is a smooth function on M n and ε ∈ R, is a gradient Ricci soliton if
We call f the potential function. We say that g is shrinking, steady, or expanding if ε < 0, ε = 0, or ε > 0, respectively. The following volume growth estimate for complete shrinking gradient Ricci solitons was proved by O. Munteanu [8] , with an important special case was proved by H.-D. Cao and D.-T. Zhou [5] . Let (M n , g, f, −1) be a complete shrinking gradient Ricci soliton. Given o ∈ M n , there exists a constant C < ∞ such that V (B(o, r)) ≤ C(r + 1) n for all r ≥ 0, where B(o, r) is the ball of radius r at center o and V (B(o, r)) denotes the volume of B(o, r) with respect to the metric g. From the proof of Proposition 2.1 in [4] , we can obtain the following property; see Lemma 1.1 below.
Lemma 0.1 Let (M n , g, f, −1) be a complete gradient shrinking Ricci soliton with R ≥ δ > 0. Then for any η > 0, there exists a constant C 1 < ∞ depending on η and the soliton such that V (B(o, r)) ≤ C 1 (r + 1) n−(2−η)δ .
for all r > 0.
We sharpen the above result as follows, which is our main theorem.
Theorem 0.2 Let (M n , g, f, −1) be a complete shrinking gradient Ricci soliton with R ≥ δ > 0. Then given o ∈ M n , there exists a constant C < ∞ depending only on δ, o and the soliton such that
for all r ≥ 0. The following property for gradient Ricci solitons is the second part of Theorem 1.3 in Z.-H. Zhang [11] . In fact, part 1 is a consequence of Corollary 2.5 in B.-L. Chen [2] .
Theorem 0.4 Let (M n , g, f, ε) be a noncompact complete gradient Ricci soliton.
1. If the gradient soliton is shrinking or steady, then R ≥ 0.
If the gradient soliton is expanding, then there exists a positive constant
The following property is an improvement of part 2 of Theorem 0.4, which is the sharp estimate for noncompact expanding gradient Ricci solitons. The compact case follows from a direct application of the maximum principle; we know the manifold is Einstein (see Proposition 9.43 in [3] ).
Theorem 0.5 Let (M n , g, f, 1) be a complete expanding gradient Ricci soliton. We consider the complete shrinking gradient Ricci solitons in this section, i.e. ε = −1. Normalizing f , from (0.1) we have
By the co-area formula
Since R ≥ 0 (see Corollary 2.3 below), we have
Integrating R + ∆f = n 2 over {f ≤ c} yields
Since by (1.1),
be a complete gradient shrinking Ricci soliton with R ≥ δ > 0, then for any η > 0, there exist c 0 , C 1 depending on η and δ, when c ≥ c 0 , we have
Proof. For the sake of completeness, we provide the detailed proof. The proof is similar to the proof of Theorem 1 in [8] (or the proof of Proposition 2.1 in [4] ). If η ≥ 2, this has done by Theorem 1 in [8] .
So we only consider η < 2. Now using the positive lower bound for R and η < 2, we have
( 1.6) This implies
Integrating this by parts on [c 0 , c] yields
we have
So Lemma holds.
be a complete gradient shrinking Ricci soliton with R ≥ δ > 0, then there exists a positive constant C depending only on δ, o and the soliton such that
( 1.7) By (1.3), we have
Then same argument in the proof of Lemma 1.1, when c is large enough, there exists a constant C 2 depending only on δ such that
By Theorem 1.1 of [5] (or see [1] ), there exists a constant C depending only on g and o such that
where r(x) denotes the distance from x to o. Hence we obtain the result.
Lower bound of scalar curvature for Ricci flow
In this section, we observe that by a modification of B.-L. Chen's theorem (Corollary 2.3(i) in [2] ), we obtain a local lower bound estimate of the scalar curvature for the Ricci flow on complete manifolds, we follow Yokota's argument in Proposition A.3 in [10] .
Proof. First we use the cutoff function in the proof of Proposition A.3 in [10] . Let η : R → [0, 1] be a nonincreasing C 2 function such that |η ′ | and |η ′′ | are bounded and η(u) = 1 for any u ∈ (−∞, 1], η(u) = 0 for any u ∈ [2, ∞) and η(u) = (2 − u) 4 for any u ∈ [ 
Clearly we can choose a number r 0 ∈ (0, 1), such that
0 (β − α) and given any c ≥ C(p).
Given any time t 0 ∈ (α, β] and suppose that
Then Q(x, t) is a compactly support function. By Lemma 8.3 (a) in [9] , we have
whenever d g(t) (x, p) > r 0 , t ∈ [α, t 0 ], in the barrier sense. We have
In the case of d g(t) (x, p) > r 0 , then we applying (2.7) and η ′ ≤ 0, we have at a point where R ≤ 0
whenever η = 0. Hence by both of cases, we have at point (x, t) where R(x, t) ≤ 0, (2.9) holds whenever η = 0. Applying (2.2) and (2.3) to (2.9), we have at any point where Q < 0
By (2.10) we have for any t ∈ [α, t 0 ] where Q m (t) < 0 and for any x t such that Q(x t , t) = Q m (t), then for any ε ∈ (0,
Aεc 2 , and q 0 = Q m (t 0 ) < 0, then we have
Case (1) . If q 0 ≥ −B, then we have
Since B > 0, (2.12) is a better estimate, we conclude that (2.12) holds in either case.
Since c independent of t, we complete the proof of this theorem.
Hence we also obtain a consequence of Corollary 2.
Proof. For any t 0 ∈ (α, β]. Now fix ε ∈ (0, 2 n ) and let c → ∞. Then B → 0. Since
and (2.12) independent of c, we obtain
.
on M × {t 0 }. Since above argument holds for any t ∈ (α, β], we obtain the corollary.
The following property is Corollary 2.5 in [2] ( or Proposition A.3 in [10] ). Proof. Part (1) is a consequence of Corollary 2.3.
As shown in Theorem 4.1 of [3] , associated to the metric and the the potential function f , there exists a family of metrics g(t), a solution to Ricci flow ∂ ∂t g(t) = −2Ric(g(t)), with the property that g(0) = g, and a family of diffeomorphisms φ(t), which is generated by the vector field X = 1 τ ∇f , such that φ(0) = id, and g(t) = τ (t)φ * (t)g with τ (t) = 1 + εt > 0, as well as f (x, t) = φ * (t)f (x). For expanding gradient Ricci soliton, i.e. ε > 0. We know t ∈ (− 1 ε , ∞), so by Corollary 2.2 we obtain R(x, t) ≥ −
(2.14)
By strong maximum principle (Theorem 6.54 in [3] ), we know that if there exists a point x 0 such thatR(x 0 , t 0 ) = 0 for some
So when t 0 = 0, i.e. τ (0) = 1, then R(x, 0) ≡ − So
In next section, we will provide a direct (elliptic) proof of the first part of Theorem 0.5.
Direct proof for expanding Ricci solitons
In this section, we provide a direct (elliptic) proof of lower bound for scalar curvature for complete expanding gradient Ricci solitons. We use a cutoff function argument to equation (0.1). Part (1) is well known. Part (2) follows from an idea of Perelman; see Lemma 8.3 in [9] and its antecedent in §17 on 'Bounds on changing distances', in [7] . For the detailed proof of part 2, also see [1] . Now we prove the first part of Theorem 0.5. Proof. For expanding gradient Ricci solitons, let ε = 1, so that (1) in Lemma 1.1 is ∆R + 2|Rc| 2 − < ∇f, ∇R > +R = 0. where C 2 independent of c. Taking r 0 = 1 and c ≥ 2, we have for all x ∈ B(o, c)
